Abstract-We study two categories, both having intervalvalued fuzzy sets as objects. One has certain functions between the domains as morphisms and the other is expanded to include certain relations between the domains as morphisms. We describe some of the basic properties of each of these categories. We lift tnorms and negations to the category with relations. The t-norms are used to define a "tensor product" on that category.
I. CATEGORIES OF FUZZY SETS
A category consists of objects, morphisms, a composition rule for morphisms, and an identity morphism for each object. Some examples of categories are vector spaces with linear transformations; sets with functions; topological spaces with continuous functions; and groups with homomorphisms. In all these examples, composition is ordinary composition of functions. Another example, which we shall refer to, is the less familiar category having sets as objects and relations as morphisms, and using ordinary composition of relations.
The study of categories of fuzzy sets with the truth-value algebra I = ([0, 1] , ∧, ∨, ¬, 1, 0), where the operations ∧ and ∨ are the usual min and max, negation ¬x = 1 − x, and constants 1 and 0, has a long history. See, for example, [2] , [5] , [7] , [8] , [9] . We extend this to categories of interval-valued fuzzy sets with functions or relations, and lift elements of the structure on the truth-value algebra to the categorical setting.
The categories of fuzzy sets that we consider have as objects interval-valued fuzzy sets A, with A : X → I is the truth-value algebra for interval-valued fuzzy sets. Some of the basic properties of this algebra may be found in [4] . Since the domains X, Y, ... of the fuzzy sets need to be identified in order to describe the morphisms between objects, and the range I [2] of the fuzzy sets will be always the same, we will write (X, A) or (Y, B) for objects X A → I [2] or Y B → I [2] . Morphisms for these categories will be functions or relations satisfying the conditions described in 1) and 2), and composition is in both cases ordinary composition of functions or relations.
In I [2] , we write
is a distributive lattice, in fact, a De Morgan algebra since the negation is an involution satisfying the De Morgan laws [1] .
We will consider two categories, FIV and FIVR, with objects interval-valued fuzzy sets and morphisms functions and relations, respectively:
1) The objects of FIV are functions (X, A) = X A → I [2] , and the morphisms
Composition is ordinary composition of functions and the identity id X :
2) The objects of FIVR are functions (X, A) = X A → I [2] , and the morphisms
Composition is ordinary composition of relations and the identity id X : X → X is the relation id X = {(x, x) : x ∈ X}. The inequality conditions in 1) and 2) will be indicated by diagrams of the form
(where R could be a function or relation). For purposes of comparison, we will also consider the categories Set (the objects are sets and the morphisms are functions) and Rel (the objects are sets and the morphisms are relations R ⊆ X × Y ). We show that morphisms are closed under composition in FIVR.
Lemma 1:
Proof: We have the following situation:
Now x (S • R) z if and only if there exists y ∈ Y with xRy and ySz, whence A (x) ≤ B (y) and
Since composition of relations is associative, the same is true for morphisms in FIVR. The diagonal morphism 1 X , where 1 X = {(x, x) : x ∈ X} is the identity relation on (X, A). It satisfies R • 1 X = R and 1 X • S = S for R and S for which the compositions are defined. This establishes that FIVR is a category.
II. PROPERTIES OF FIV
Goguen [5] defined a category Set (V ) of V -sets for any partially ordered set V , where a V -set is a function A : X → V from a set X to V , and a morphism A → B of V -sets
Composition is ordinary composition of functions. With V a singleton, this gives the category of sets; with V = {0, 1}, this gives the category of subsets; and with V = [0, 1] this provides a setting for classical fuzzy subsets. He also gives a list of six axioms that determine the categories Set (V ) for completely distributive lattices V , up to isomorphism of categories. He has shown that the category Set ([0, 1]) yields the standard definitions of union, intersection and product of fuzzy sets, and is both complete and cocomplete.
Properties of Set ([0, 1]) shown in [9] generalize without difficulty to the category FIV. We give some informal definitions of some basic properties. For precise definitions of these and other categorical concepts, see a reference such as [6] .
Definition 2: Let C be a category. A terminal object in C is an object A in C such that for every object B in C, there is exactly one morphism B → A. An initial object is an object A in C such that for every object B in C, there is exactly one morphism A → B. An object that is both an initial and terminal object is a zero object.
All initial objects (respectively, terminal objects, and zero objects), if they exist, are isomorphic in C.
An epic is a rightcancellative morphism. A morphism is an isomorphism if it has both a left and right inverse.
Monic and epic are a generalization to a category setting of one-to-one and onto, and equalizer and coequalizer are a generalization of kernel and quotient.
Definition 4:
An object X is the product of objects X 1 and X 2 if and only if there exist morphisms p 1 : X → X 1 , p 2 : X → X 2 such that for every object Y and pair of morphisms
there exists a unique morphism f : Y → X for which the following diagram commutes:
The unique morphism f is called the product of the morphisms f 1 and f 2 . The dual property for u 1 :
If the category has a zero object 0, a product
Proposition 5:
The following properties hold in FIV.
a) f is monic if and only if f is one-to-one. b) f is epic if and only if f is onto. c) f is an isomorphism if and only if f is one-to-one and onto and A = B • f . d) f is an equalizer if and only if f is one-to-one and
is a coequalizer if and only if f is onto and
is an initial object and ({x} , 1) is a terminal object. 4) Products exist in FIV, and
, where ⊔ denotes disjoint union.
6) Equalizers exist:
where
A category is complete precisely when each family of objects has a product and each pair of parallel arrows has an equalizer, and dually for cocomplete. Thus, from the above, the category FIV is both complete and cocomplete.
The following table summarizes some of these properties, comparing them with similar properties of the category of sets:
Set Fuz
Term. Obj. 
III. PROPERTIES OF FIVR
We investigate properties of the categories FIVR. Properties of the morphism sets give these categories a rich structure.
Proposition 6:
The empty set, with the empty map to [0, 1] [2] , is both a terminal and initial object in the category FIVR, hence a zero object in the category .
Proof: Given any object (X, A) in FIVR there are unique morphisms
and
The inequalities are satisfied by default. Thus the hom sets
Proposition 7: Disjoint (possibly infinite) unions are both a product and coproduct in FIVR with projections and injections
defined as the relations
(where ⊔ denotes disjoint union). Moreover, the disjoint union is a biproduct. Proof: First, we need to establish that p i and u i are morphisms in FIVR. 
Thus R is the unique relation for which all these diagrams commute.
A similar proof establishes that
with the morphisms p i and u i is a biproduct.
Note that this implies the following:
Corollary 8: Every object is the biproduct of its elements:
where A x is the restriction of A to {x}.
A category with finite biproducts is semiadditive-it has a unique commutative monoid structure on each morphism set with composition right and left distributive over the monoid operation and with the zero object as the unit of the monoid. The category is said to be enriched over the category of commutative monoids.
Proposition 9:
The category FIVR is semiadditive.
Proof: The monoid operation for FIVR is set union A) , (Y, B) ). This induces a commutative monoid structure on FIVR ((X, A) , (Y, B)) with empty morphisms acting as monoid identities with respect to ∪.
To see that composition is right and left distributive over ∪, suppose R, S ∈ FIVR ((X, A) , (Y, B)) and Q ∈ FIVR ((Y, B) , (Z, C)). Now (x, z) ∈ Q • R if and only if there is y ∈ Y with (x, y) ∈ R and (y, z) ∈ Q.
But then (x, y) ∈ R ∪ S and (y, z) ∈ Q. It follows that
Proposition 10: A morphism R ∈ FIVR ((X, A) , (Y, B))
is monic if and only if for all x ∈ X, R(x) contains at least one element not in ∪{R(x ′ ) : x ′ ∈ X\{x}}; in other words, the induced morphism R : 2 X → 2 Y : S → {y ∈ Y : xRy, x ∈ S} is one-to-one.
Proof: Assume the function R : 2 X → 2 Y is one-to-one. Note that, since R (∅) = ∅, we have R (x) = R ({x}) ̸ = ∅ for all x ∈ X. Now suppose S, Q ∈ FIVR ((Z, C) , (X, A))
, which is not the case. Thus there exists y ∈ Y such that xRy and y / ∈ ∪{R(x ′ ) :
If either S or Q is non-empty, the argument above shows that R • S = R • Q is non-empty. It then follows by a symmetric argument that S = Q, and thus R is monic. Now assume the morphism R : 2 X → 2 Y : S → ∪{R (x) : x ∈ S} is not one-to-one, say R (S) = R (T ) and x ∈ S\T . Define S, Q : {x} → X by S = {(x, s) : s ∈ S}, and Q = {(x, t) : t ∈ T }. Then R • S = R • Q = {(x, y) : y ∈ R (S) = R (T )} while S ̸ = Q. Thus in this case R is not monic. A) , (Y, B) ) is monic, then R (x) ̸ = ∅ for all x ∈ X, i.e., the domain of R is all of X. Such a morphism will be called full.
Note that if a morphism R ∈ FIVR ((X,
The category FIVR is a category with involution; that is, there is an operation * that satisfies the properties listed in Proposition 12.
Proposition 12: A) . Clearly R * * = R. Properties 3 and 4 are standard properties of composition of relations. A) , (Y, B) ) is epic, then R * (y) ̸ = ∅ for all y ∈ Y , i.e., the range is all of Y . Such a morphism will be called onto.
Proposition 13: A morphism R ∈ FIVR ((X, A) , (Y, B)) is epic if and only if
R * ∈ FIVR ((Y, 1 − B) , (X, 1 − A)) is monic; in other words, the induced morphism R * : 2 Y → 2 X : S → {x ∈ X : xRy, y ∈ S} is one-to-one. Proof: Let R ∈ FIVR ((X, A) , (Y, B)) and suppose the morphism R * : 2 Y → 2 X : S → {x ∈ X : xRy, y ∈ S} is one-to-one. Let S, Q ∈ FIVR ((Y, B) , (Z, C)) such that S • R = Q • R. Let (y, z) ∈ S.
Note that if a morphism R ∈ FIVR ((X,
A category is balanced if every morphism that is both monic and epic is an isomorphism. A morphism R ∈ FIVR ((X, A) , (Y, B) ) that is both monic and epic in ∈ FIVR ((X, A) , (Y, B) ) is an isomorphism in FIVR if and only if R is a bijection and A = B • R.
Proof:
We conclude that R is one-to-one as well as onto, so R is a bijection. For (x, y) ∈ R, we must have
Since R is a bijection, we can write y = R (x), and thus
Note that if R is monic, the induced function R : X → 2 Y is one-to-one, and if R is epic, the induced function
X is one-to-one. For the proof, simply turn all the arrows around, which includes replacing monics by epics.
Proposition 17: The injectives in FIVR are the objects (X, 1) and the projectives are the objects (X, 0).
On the other hand, let (x, z) ∈ Q • R. Then there exists y ∈ Y 1 with (x, y) ∈ R and (y, z) ∈ Q. But (y, z) ∈ Q means there exists x ′ ∈ X with (x ′ , z) ∈ S and (x ′ , y) ∈ R. Since (x, y) ∈ R and y ∈ Y 1 , x = x ′ , so (x, z) ∈ S and S = Q • R. Since B (y) ≤ 1 for all y ∈ Y , Q is a morphism in FIVR. For (Z, C) with C ̸ = 1, take B = 1. There is no nonempty morphism from (Y, 1) to (Z, C). Thus the injectives are precisely those of the form (Z, 1). The characterization of projectives then follows from Lemma 16.
subject to the commutativity of the following two diagrams:
A classical example of a monoidal category is Set, with
, and a, l, r the canonical isomorphisms.
Since the category Rel has a biproduct given by disjoint union, it is a monoidal category with X ⊗Y = X ⊔Y , A⊗B = A ⊔ B, I = ∅ (the terminal object), and a, l, r the canonical isomorphisms. We will provide a different construction for the tensor product, based on t-norms.
Definition 19: A t-norm T on I
[2] is a commutative, associative, increasing function T : I [2] ×I [2] → I [2] which satisfies T ((1, 1) , (x, y)) = (x, y) for all (x, y) ∈ I [2] .
Examples of t-norms on
Definition 20: Let T be any t-norm on I [2] . A tensor product ⊗ T is defined for objects (X, A) and (Y, B) by
(16)
We define natural transformations
and l (X,A) , r (X,A) , and c (X,A),(Y,B) by
and an object I = ({ * } , 1) by
where { * } is any one-element set.
With these definitions, the required diagrams commute. For example,
Let T be a t-norm on I [2] and consider the system (I [2] , T ) consisting of the unit interval I with an additional structure on it, namely the operation T . Let T ′ be another t-norm on I [2] . We make precise the notion of the systems (I [2] , T ) and (I [2] , T ′ ) being structurally the same.
Definition 21: Let T and T ′ be t-norms on I [2] . The systems (I [2] , T ) and (I [2] , T ′ ) are isomorphic if there is an element h ∈ Aut(I [2] ) such that h(xT y)
. We write (I [2] , T ) ≈ (I [2] , T ′ ). The mapping h is an isomorphism. The t-norms T and T ′ are isomorphic if (I [2] , T ) ≈ (I [2] , T ′ ).
This means that the systems (I [2] , ≤, T ) and ([0, 1] [2] , ≤, T ′ ) are isomorphic in the sense of universal algebra: there is a one-to-one, onto map γ : [0, 1]
[2] → [0, 1] [2] preserving the relation ≤ and satisfying γ (T ((x, y) , (w, z) )) = T ′ (γ (x, y) , γ (w, z)). If γ is an automorphism of I [2] , then there is an automorphism g of the unit interval such that γ (a, b) = (g (a) , g (b)) [4] . 
V. COMMENTS
Many of the results in this paper generalize directly to cases where the algebras of truth values are posets. One interesting example is a category of type-2 fuzzy sets, where the poset is
with the inequality relation obtained as the intersection of the partial orders given by the two semilattice operations that are part of the usual type-2 definition.
In this paper, we have "lifted" negation and t-norms to the category FIVR. This idea can be applied to other operations of the underlying algebra.
